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Abstract 



We introduce a natural extension of the metric tensor and the 
Hodge star operator to the algebra of double forms to study some 
aspects of the structure of this algebra. These properties are then 
used to study new Riemannian curvature invariants, called the (p, in- 
curvatures. They are a generalization of the p-curvature obtained by 
substituting the Gauss-Kronecker tensor to the Riemann curvature ten- 
sor. In particular, for p = 0, the (0, g)-curvatures coincide with the H. 
Weyl curvature invariants, for p = 1 the (1, g)-curvatures are the curva- 
tures of generalized Einstein tensors and for q = 1 the (p, l)-curvatures 
coincide with the p-curvatures. 

Also, we prove that for an Einstein manifold of dimension n > 4 the 
second H. Weyl curvature invariant is nonegative, and that it is non- 
positive for a conformally flat manifold with zero scalar curvature. A 
similar result is proved for the higher H. Weyl curvature invariants. 
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1 Introduction 



Let (M,g) be a smooth Riemannian manifold of dimension n. We denote 
by A*M = Q) p>0 A* p M the ring of differential forms on M. Considering 
the tensor product over the ring of smooth functions, we define T> = A*M ® 
A*M = Pi9 >o £> p,<? where V™ = A*PM ® A*<?M. It is graded associative 
ring and called the ring of double forms on M . 
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The ring of curvature structures on M is the ring C = ^2 p >qC p where 
C p denotes symmetric elements in T> p ' p . 

These notions have been developed by Kulkarni [5], Thorpe |7| and other 
mathematicians. 

The object of this paper is to study some properties of these structures, and 
then to apply them to study generalized p-curvature functions. 

The paper is divided into 5 sections. In section 2, we study the multi- 
plication map by g l in T> p,q . In particular we prove that it is one to one if 
p + q + I < n. This result will play an important role in simplifying compli- 
cated calculations (see for example the applications in sections 5). We also 
deduce some properties of the multiplication map by g. 

In section 3, we introduce a natural inner product <, > in T> and we 
extend the Hodge operator * in a natural way to T>. Then, we prove two 
simple relations between the contraction map and the multiplication map 
by g, namely for all u G T>, we have 

go; = *c * uj 

Also we prove that the contraction map is the adjoint of the multiplication 
by g, precisely for all <^i,W2 £ we have 

< guj\,uj2 >=< ux,cu)2 > 

and we deduce some properties of the contraction map c. 

At the end of this section, we deduce a canonical orthogonal decompo- 
sition of T> p ' q and we give explicit formulas for the orthogonal projections 
onto the different factors. 

In section 4, we concentrate on the ring of symmetric double forms sat- 
isfying the first Bianchi identity which shall be denoted by C\. We prove 
in this context a useful explicit formula for the Hodge star operator. Also, 
we emphasize its action on the different factors of the previous orthogonal 
decomposition of double forms. 

In section 5, we define new Riemannian curvature invariants, namely the 
{PilY curvature tensors R( PiQ ) and their sectional curvatures S(p, g ). 
Note that these curvatures include many of well known curvatures. 
For q = 1, the (p, l)-curvature coincide with the p-curvature. In particular, 
S(o i) is the half of the scalar curvature and S( n _2 i) is the sectional curvature 
of '(M,g). 
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For p = and 2q = n, S(q,2) is up to a constant the Killing-Lipshitz curva- 
ture. More generally, S( n _ 23) g)(-P) is, up to a constant, the Killing-Lipshitz 
curvature of P . 

For p = 0, .S(o,g) are sca l ar functions which generalize the usual scalar 
curvature. They are, up to a constant, the H. Weyl curvature invariants, 
that is the integrands in the Weyl tube formula [Sj. 

Finally, for p = 1, Rn >q ) are generalized Einstein tensors. In particular, for 
q = 1 we recover the usual Einstein tensor. 

This section contains also several examples and properties of these cur- 
vature invariants. In particular we prove using the (p, l)-curvatures a char- 
acterization of Einstein metrics and conformally flat metrics with constant 
scalar curvature. Also a generalization of the previous result to the higher 
(p, g)-curvatures is proved. 

In the last section we prove under certain geometric hypothesis on the 
metric, a restriction on the sign of the H. Weyl curvature invariants, that 
are the integrands in his well known tube formula |S] . In particular we prove 
the following results: 

If (M, g) is an Einstein manifold with dimension n > 4, then /14 > and 
/14 = if and only if (M, g) is flat. 

If (M, g) is a conformally flat manifold with zero scalar curvature and 
dimension n > 4, then /14 < and /14 = if and only if (M, g) is flat. 

where /14 is the second H. Weyl curvature invariant , which can be defined 

by 

h A = \R\ 2 - \ C {R)\ 2 + ^\c 2 {R)\ 2 
where R denotes the Riemann curvature tensor of (M, g) . 

2 The Algebra of double forms 

Let (V,g) be an Euclidean real vector space of dimension n. In the fol- 
lowing we shall identify whenever convenient (via their Euclidean struc- 
tures), the vector spaces with their duals. Let A*V = © p>0 A.* P V (resp. 
h-V = © p >o A p ^0 denote the exterior algebra of p-forms (resp. p-vectors) 
on V. Considering the tensor product, we define the space of double forms 
V = A*V®A*V = Pj(? >o^ P ' 9 wh ere VP< q = A*PV®A* q V. It is a bi-graded 
associative algebra, where the multiplication is denoted by a dot., we shall 
omit it whenever it is possible. 
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For lui = 0i <g) 2 G and w 2 = 03 <8> 04 G £> r ' s , we have 

W1.W2 = (0i ® 2 )-(03 ® 04) = (01 A 3 ) ® (0 2 A 4 ) G (i) 

Recall that each element of the tensor product V p,q = A* P V <S> A* q V can 
be identified canonically with a bilinear form A P V x A^U — > R. That is a 
multilinear form which is skew symmetric in the first p-arguments and also 
in the last g-arguments. Under this identification, we have 

(jJi.u} 2 {xi A ... A x p+r ,y! A ... A y q+s ) 
= (01 A 3 )(xi A ... A x p+r ){9 2 A 4 )(yi A ... A y q+s ) 

= ^!H^T e(a)e( P )u 1 (x a{1) A...Ax aip y,y p{1) A...Ay piq) ) 

cr£Sp+r,p£Sq+s 

U2(x<t( p +i) A ... A x CT ( p+r ) ; y p ( q +i) A ... A y p ( q+s )) 

(2) 

A similar calculation shows that 

Ui(xi A ... A x kp ,yi A ... A y kq ) = 

= (0i A ... A 6i)(xi A ... A x kp )(6 2 A ... A 2 )(yi A ... A y kp ) 

= ( v )\k( a \\k E e(^)e(pVi(^(i) A...Ax, w ;i, Kl) A...Ay p{q) ) 
•••^i(aV( P (fc-i)+i) A ... A x a ( kp y,y p ( q ( k -i) +1 ) A ... A y p ( kq )) 

(3) 

In particular, if uj\ G V 1,1 we have 

ui(xi A ... A x k ,yi A ... A y k ) = k\Aet[u\{xi,yj)] (4) 
We now introduce a basic map on V: 

Definition 2.1 The contraction c maps V p < q into pp-M-i. Let uj G 
set cuj = if p = or q = 0. Otherwise set 

n 

cu(x 1 A ... Ax p -i,yi A ... Ay g _i) = ^w(ej Axi A ...x p _i, Ayi A ... Ay q -i) 

3=1 

where {ei,...,e n } is an orthonormal basis ofV. 
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The contraction map c together with the multiplication map by g, (which 
shall be denoted also by g), play a very important role in our study. 

Let u £ T> p ' q , the following formula was proved in [3] 

c(gu) = gcijj + (n — p — q)uj (5) 
After consecutive applications of the previous formula, we get 
c k (giv) = gc k u> + k(m + k — l)c k ~ 1 tu, where m = n — p — q 

c k (g 2 uj) = g 2 c k uj + 2k(m + k- 2)gc k ~ 1 uj + k(k - l)(m + k - 3)(m + k - 2)c k ~ 2 u 
c k (g 3 uj) = g 3 c k uj + 3k(m + k- 3)g 2 c k ~ 1 u + 3k(k - l)(m + k - 3)(m + k - ^)gc k ' 2 uj 
+ k(k - l)(k - 2)(m + k- 3)(m + k — 4)(m + k - 5)c fc_3 w 

More generally, we have 

Lemma 2.1 For all k, I > 1 and a; G D p,q , we have 

J J min{fc,/} r -l , r 

c k &u) = 9 -c k u:+ C k H(n-p- q + k-l-i) J f—-.c k - r u J (6) 

r=l i=0 I /■ 

Corollary 2.2 If n = p -\- q and uj 6 .DP' 9 £/ten /or oZZ we /lave 

c fc ( 5 fe w) =g k {c k uj) 
Proof. After taking k = I and n = p + q in formula H3 we get 

r=l i=0 v y 

■ 

As a second consequence of the previous lemma, we get the following result 
which generalizes another lemma of Kulkarni 3 : 

Proposition 2.3 The multiplication by g l is injective on D p,q whenever 
p + q + l<n + l. 

Proof. This property is true for I = 0, suppose that g 1 ^ 1 ^ = => to = 
for p + q + I — 1 < n + 1. Suppose g u) = and p + q + l<n + l, then the 
contractions c k (g l .ui) = o for all k. 
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Taking k = 1, 2, k, min{p, q}, mm{p, q} + 1 and after a simplifica- 
tion (if needed) by g 1-1 , g l ~ 2 , g l ~ k , g l ~ mm ^ p ' q ^ +1 , respectively, we get 
using the previous lemma 

— gcuj = l(n — p — q + 1 — l)u> 
—gc 2 uj = (Z + l)(n — p — q + 2 — l)cu 

-g.c k tu = (l + k — l)(n —p — q + k — l)c k ~ l uj 

-g.c min{p > q} uj = (Z + mm{p, q} - l)(n - max{p, q} - l)^^}-^ 
= (Z + mm{p, q})(n - max{p, q} + 1 - Z)c min{p ' 9} w 

Consequently, we have c 111111 ^' 9 ^ = ...c fc u;... = o» = 0. ■ 

Remark 2.1 1. The previous proposition cannot be obtained directly from 
Kulkarni's LemmaJ$. Since consecutive applications of that lemma 
show that the multiplication by g l is 1-1 only if p + q + 21 — 2 < n. 

2. We deduce from the previous proof that more generally we have 

g l oj = =>• c k uj = for l+p + q < n + 1 + k 

Corollary 2.4 1. Letp+q = n—1, then for eachi > ; the multiplication 
map by g 2l+1 

g2i+l . jjp-i,q—i y jjp+i+1 ,q+i+l 

is an isomorphism. In particular, we have 



jyp+i+l,q+i+l _ J2.i+X jyp—i,q- 



■l 



2. Let p + q = n, then for each i > 0, the multiplication map by g 2% 

g 2i : D p ~ i ' q ~ i — > D p+i ' q+i 

is an isomorphism. In particular, we have 

jjp+i,q+i _ g2ijjp-i,q-i 
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Proof. From the previous proposition it is 1-1. And for dimensions reason 
(since C;_ t C^ = C; +i+1 C% +i+1 if p + q = n - 1, and C^C^ = C; +l C™ +l 
if p + q = n) then it is an isomorphism. ■ 

The following proposition gives more detail about the multiplication by g 
Proposition 2.5 The multiplication map by g on D p ' q is 

1. one to one if and only if p + q < n — 1. 

2. bijective if and only if p + q = n — 1 . 

3. onto if and only if p + q>n — 1 . 

Proof. The only if part of the propostion is due simply to dimension reasons, 
so that parts 1) and 2) are direct consequences of Kulkarni's Lemma. 
Let now i > 0, po + go = n — 1 for some po, qo > and 

Remark that the restriction of the map g to the subspace g 2t D Po ~ t,q "~ l of 
£)Po+i,go+i i s onto since its i ma g e i s exactly ^i+i^po-i^o-i = £>po+i+i,go+»+i 

by the previous proposition. The proof is similar in case there exists po,qo > 
such that £>o + <Zo = n - This completes the proof of the proposition. ■ 



3 The natural Inner product and the Hodge star 
operator on D p,q 

3.1 The natural Inner product on D p,q 

The natural metric on A* P V induces in a standard way an inner product on 
D P,g = A * P y^ A *qy_ We shall denote it by <, >. 

We extend <, > to V by declaring that D p < q _L D r > s if p ^ r or if q ^ s. 
Theorem 3.1 Ifui,U2 G V then 

< guJi,U2 >=< u>i,CL02 > (7) 
that is the adjoint of the multiplication by g is the contraction map c. 
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Proof. Let {ei, e n } be an orthonormal basis of V*. Since the contraction 
map c and the multiplication by g are linear it suffices to prove the theorem 
for 

^2 = eh A ... A e ip+1 <g> e jl A ... A e jq+1 and^i = e kl A ... A e kp <8> e h A ... A e iq 
where i\ < ... < i p +i;ji < ... < j q +i;ki < ... < k p and l\ < ... < l q . Then 

n 

gUl = ^2 ei A e kl A ... A e kp ® A e h A ... A e iq 
i=i 

therefore 

< gwi, cj 2 >= ^ < e i Ae fcl A...Ae fcp ,ej 1 A...Aei J)+1 >< e^Ae^ A...Aej 9 , A...Ae jq+1 > 
i=i 

So it is zero unless if 

e fel A ... A e fcp = e h A ...e ir ... A e ip+1 

e h A ... A e/ ? = A ...e js ... A e jq+1 
and i r = j s for some r,s. So that in this case we have 

n 

< gu!,U2 > = ^2<eiAe h A ...e ir ... A 

e i P +l > e H A ••• A &i p+1 > 

1=1 

< ei A e h A ...e js .. A e jq+1 ,e h A ... A e jq+1 > 

= (-l) r+s 
On the other hand, we have 

CLo 2 = if {n, ...,i p +i} n {ji, = 

otherwise, 

cuj 2 = (- i r +Se ii a a % + i ® e ii a -Zjs~ a e i,+i 

2r=Js 

l<r<p+l 
l<s<q+l 

and therefore 

<uj 1 ,cw 2 >= ^ (-l) r+s < e kl A ... Ae kp ,< e h A ...e ir .. Ae ip+1 > 



2j Js 

l<r<p+l 
l<s<q+l 



< e h A ... A e lq <g> ejl A ...e js .. A e jq+1 
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which is zero unless if 

e kl A ... A e kp = e h A ...e ir ... A e ip+1 

e h A ... A ei q = e h A ...e js ... A e jq+1 

and i r = j s for some r,s. In such case it is (— l) r+s . This completes the 
proof. ■ 

3.2 Hodge star operator 

The Hodge star operator * : A P V* — > A n_p y* extends in a natural way to 
a linear operator * : V p > q -> £>«-?>«-<?. If u; = 6>i <g) 6* 2 then we define 

Note that *cj(.,.) = a>(*.,*.) as a bilinear form. Many properties of the 
ordinary Hodge star operator can be extended to this new operator. We 
prove some of them below: 

Proposition 3.2 For allu,9 € D p < q , we have 

< uj,9 >= *(lo. * 9) = *(*lu.6) (8) 
Proof. Let u = uj\ <8> u>2 and 9 = 9\ <g> 62, then 

u. * 9 = (ooi A *9i) <g> (u>2 A 

=< ui,9i > *1<8> < W2, #2 > *1 
=< > *1 (g) *1 

This completes the proof. ■ 
The proof of the following properties is similar and straightforward 

Proposition 3.3 1. For allp,q, on D p,q we have 

** = (_l)(P+«)(»-P-9)jd 

where Id is the identity map on D p,q . 
2. For all u x e D p < q ,uJ 2 € D n ~ p ' n ~~ q we have 

< Wi,*W2 >= (-l)(P+9)("-P-9) < *Wi,W2 > 
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3. If lo : A p — > A p denotes the linear operator corresponding to lo € D p ' p , 
then 

*uj* : A n ~ p -► A n ~ p 
is the linear operator corresponding to *lo £ j)n—p,n-p 

Using the Hodge star operator we can provide a nice formula relating the 
multiplication by g and the contraction map c, as follows: 

Theorem 3.4 For every lo £ D p,q , we have 

gto = *c * lo (9) 
that is the following diagram is commutative for all p, q 



j^n—p,n—q c ; jyn—p—X,n—q—l 

Proof. The proof is similar to the one of theorem 13.11 Let {e±, ...,e n } be 
an orthonormal basis of V * , and let 

to = e h A ... A e ip <g> e jl A ... A e jq 

then 

n 

gUJ = ^ e i A e h A ••• A e i P ® e i A e ji A ••• A e j q 
1=1 

On the other hand, we have 

*w = e(p)e(a)e ip+1 A ... A e in ® e, g+1 A ... A e in 

so that 

^ (-l) r+s e(/>)e(a)e ip+1 A ...e ir .. A e in ® e is+1 A ...e js .. A e jn 



C * LO 





p+l<r<n 
q+l<s<n 



Therefore 

* c * uj = ^ (-l) r+s e(p)e(<r) * e lp+1 A ...e ir .. A e in ® *e i?+1 A ...e is .. A e itl 



*1 Js 

p+l<r<n 
q+l<s<n 



^ e ir A ejj A ... A e ip <g> e js A e jl A ... A e jq 



2j Js 

p+l<r<n 
q+l<s<n 

gu 
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This completes the proof. ■ 

As a direct consequence of the previous theorem and proposition 12.51 we 
have 

Corollary 3.5 The contraction map c on D p ' q is 

1. onto if and only if p + q < n — 1. 

2. bijective if and only if p + q = n — 1. 

3. one to one if and only if p + q > n — 1. 

Corollary 3.6 For all p, q > such that p + q < n — 1, we have the orthog- 
onal decomposition 

D P+i, q +i = Ker c®gD p ' q 
where c : D p+1,q+1 — > D p ' q is the contraction map. 

Proof. First note that if oj\ € kerc and goj2 £ gD p,q then by formula d we 
have 

< u>i,gL02 >=< aoi,L02 >= 
Next since g is one to one and c is onto, we have 

dim(gD p,q ) = dimD p ' q = dim(imagec) 

This completes the proof. ■ 

Remark 3.1 1. If p + q > n — 1 , then we have kerc = and D p+l,q+l 
is isomorphic to some g r D s,t with s + 1 < n — 1 by corollaryWZ 



2. Note that in general Ker c is not irreducible, see for the reduction 
matter. 

3.3 Orthogonal decomposition of D p ' q 

Following Kulkarni we call the elements in ker c C D p,q effective elements of 
D p ' q . And shall be denoted by E p ' q . 

So if we apply corollary 13.61 several times we obtain the orthogonal decom- 
position of D p,q : 

D P,q = E P,q 0_EP-1,9-1 g2 E p-2,q-2 @ _ _ @ g r DP -r, q -r ^ 
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where r = min{p, q}. 

In this section, we will see how double forms decompose explicitly under this 
orthogonal decomposition. To simplify the exposition, we shall consider only 
the case where p = q. 

First, note that formula El for uj G E p,p becomes 

^=nV-2p- i+i) ^.. if i>k (n) 

c k (g l uj) = if l<k 

With respect to the previous orthogonal decomposition, let uj = Yli=o 9 luj p-i e 
D p,p where u> v -i G E p ~ l ' p ~ l , then using the previous formula 1111 we have 
p p 
c k (uj) = J2 ck (9 i ^ P - l ) =J2 ck (9^P-i) 

i=0 i=k 
P_ 3^ i-k 



Y J il]J{n-2{p-i)-t + j)-——u Jp - 1 

i=k j=l { '' 



Therefore, we get 



c k (ui) = ^2! J](n - 2p + i + j)j^-u p - i (12) 

i=k j=l ^ '' 

Taking in the previous formula k = p,p — l,p — 2, respectively, and 

solving for uj^ we get 



p\n\ 
(n — p)\ 



UJq = C P {u) 



(p-l)!(n-2)! j 1 

— r\r~ Wl = c ^) ~ -#- c M 

[n — p — 1)\ n 

(p — 2)!(n — 4)! 2 1 i 1 2 o/ \ 

.Hi LI -t—loi = <f 2 (uj) qc? l (lo) + —- -q 2 d J (uj) 

(n-p-2)! 17 n-2 y v 7 2!(n - 2)(n - l) y v 7 



(p-fc)!(n-2fc)! = fc ^ ^-1T 

(n-p-A;)! 1 ; ^ r! EQ [(* - ^ + 2 + if 

p (— l) r 
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Note that oj p = conw is the conformal component defined by Kulkarni. 
We have therefore proved the following theorem which generalizes a similar 
classical result in the case where us is the Riemann curvature tensor: 



Theorem 3.7 With respect to the orthogonal decomposition YT(\ each uj G 
D p,p is decomposed as follows 

lo = u! p + g.uj p -i + ... + g p .uJ 

where 

(n — p — k)\ 



(p - k)\(n - 2k)\ 



~ k (uj) + Y (JZ ^v-k+r {uj) 

^n[=o 1 (^-2A: + 2 + z)H 

In particular, for uj = R, we recover the well known decomposition of Rie- 
mann curvature tensor 

R = w + ^2 (c(fl) - + ^hr/^ 2 

4 The algebra of curvature structures 

Remark that from the definition of the product (see formula EQ), we have 

uj x .u 2 = (-lf +3S W2 . Wl 

Then following, Kulkarni, we define the algebra of curvature structures to be 
the commutative sub-algebra C = © p>0 C p , where C p denotes the symmetric 
elements of D p ' p . That is the sub-algebra of symmetric double forms. 

Another basic map in D p,q is the first Bianchi sum, denoted B. It maps 
V p ' q into V p+l ' q ~ l and is defined as follows. Let u G V p ' q , set Bui = if 
q = 0. Otherwise set 

p+1 

Buj(x 1 A...Ax p+ i,yiA...Ay q - 1 ) = '^2(-l) j uj(x 1 A...Ax j A...Xp +1 ,x j AyiA...Ay q - 1 ) 

3=1 

where * denotes omission. 

It is easy to show that for u G T> p ' q , 8 G T> r ' s , one have j3] 

B(u.6) = Buj.6 + (-l) p+q uj.B9 

Consequently, kerB is closed under multiplication in T>. 

The algebra of curvature structures satisfying the first Bianchi identity is 

defined to be C\ = C n ker£> 
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4.1 Sectional curvature 

Let G p denote the Grassman algebra of p-planes in V, and u € C p . We 
define the sectional curvature of u> to be 

K^{P) = uj(ei A ... A e p , e\ A ... A e p ) 

where {e±, e p } is any orthonormal basis of V. 

Using formula 121 we can evaluate the sectional curvature of the tensors g p ui 
for ui G C r and {ei, e p+r } orthonormal , as follows 

g p uj{e\ A ... A e p+r ,e\ A ... A e p+r ) 
=p\ ^2 ^ifiii A ... A ej r , eij A ... A ej r ) = p!traceu;|y\rp ( 13 ) 

l<jl<i2<---<«r<P+?' 

where P denotes the plane spanned by {ei, e p+r }. 

The sectional curvature if w determines generically uj. Precisely, for u,9 € 
Cf, the equality = Kg implies u> = 9 (cf. prop. 2.1 in 3 ]). In particular 
we have the following characterization of the curvature structures uj € C p 
with constant sectional curvature 

gp 

K u = c if and only if uj = c— (14) 

Next, we shall prove a useful explicit formula for the Hodge star operator 
Theorem 4.1 For uj 6 C p and 1 < p < k < n we have 

(k — p)l ^ ^ r! (n — A; — p + r)! ^ ^ 

v ^ y r=max{0,p-n+fc} v ' 

In particular for k = n and k = n — 1 respectively, we get 

a n ~ p ui 1 o n ~P -1 u; c p co c p_1 

*(t^ ^j) = and*(-^ ") = ™ g -^— u (16) 

[n — p)\ p\ (n — p — ly. p\ [p — 1)! 

Proof. It is not difficult to check that 

cj(ei 1 A...Ae ip ,e il A...Ae ip ) = ^(e^ A...Ae ip , A...Aej 

l<ii,i2,...,ip<n l<ii,«2,...,ip<fc 

p-1 

+ ^(-l) r+p+1 C^ £ C r u;(e v+1 A ... A e ip , e ir+1 A ... A e lp ) 

r=0 k+l<i r +i,...,i p <n 
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Then using formula ^] the previous formula becomes 

k- P P- 1 
cfu = pi p y u(e h A - A e ik ,e h A - A e ik ) + Yl {-l) r+p+l C p 

r=max{0,p— n+k} 



(P r ) j n— k— p+r r 

(n k p t r)l 9 v " 1 ' 



l9 n ~ k - p+r c r u>{e ik+1 A ... A e in , e ifc+1 A ... A e;J 



Finally, note that the general term of the previous sum is c p to if r = p. This 
completes the proof, since both sides of the equation satisfy the first Bianchi 
identity. ■ 

The following corollary is a direct consequence of the previous theorem. 
Corollary 4.2 1. For lo € C p and 1 < p < n we have 

p I 1 \r+p „n-2p+r 

y { - z ^t 1 — (17) 

^ r! {n-2p + r)\ 

r=max{0,2p— n} 



2. For all < k < n we have 



k\ (n-k)\ 

Theorem 4.3 With respect to the decomposition \ 'J. 7[ we have for lo = 

min{p,n-p} 

*lo = Y, (P-OK-I)S ^9 n ~ p - 1 ^ (18) 

(n — p — i)\ 

In particular if n = 2p, we have 

p 



*u = ^(-i)y-v 



i=0 



Proof. First, let to G E\ be effective then formula |15I shows that 
1 ( k-i )_ f° ifi-n + /c>0, 



(19) 
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Next, let uj = Yli=o9 P * w «> where U{ G E\, then 

v 

i=0 

mm{p,n~p} 

^-^ (n — v — i)\ 



Corollary 4.4 With respect to the decomposition \1(A we have for to = 

min{p,n-p-l} { 

*0M = £ (P-* + V (n _~ \_ lV 9 n - p - 1 -^ (20) 
i=o v F '' 

Proof. First formula |18I implies that 

min{p+l,n-p-l} . i 

*(g l u) = Yl (P~ i + l h 1 ■ v 9 n - p - l - l (M l 

(n — p — I — i)\ 

Next, note that 

g l cu = jr g P+ l -* L o l 
i=0 

Consequently 

(M = l° ' lU>P 
I Ui if i < p 

This completes the proof of the corollary. ■ 



5 The (p, g)-curvatures 

Let (M, g) be an n-dimensional Riemannian manifold and T m M be its tan- 
gent space at a point m £ M. Let D p ' q , C p , C\... denote also the vector 
bundles over M having as fibers at m, the spaces D p ' q (T m M), C p (T m M), 
C p (T m M).... Note that all the above algebraic results, can be applied to the 
ring of all global sections of these bundles. 

Remark that since the metric g and the Riemann curvature tensor R both 
satisfy the first Bianchi identity then so are all the tensors g p R q and *(g p R q ). 
The aim of this section is to sudy some geometric properties of these tensors. 
First we start with the case q = 1: 
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5.1 The p-curvature 



Recall that the p-curvature [U Ej , defined for < p < n — 2 and denoted by 

r 

* (g n ~ 2 ~ p R) 



s p , is the sectional curvature of the tensor 



(n-2-p)! 

For a given tangent p-plane at m G M, s p (P) coincides with the half of 
the scalar curvature at m of the totally geodesic submanifold exp m P 1 - . For 
p = it is the the half of the usual scalar curvature, and for p = n — 2 it 
coincides with the usual sectional curvature. 

In this subsection, using the p-curvature and the previous results, we shall 
give a short proof for the following properties. Similar results were proved 
by a long calculation in and 0]. 

Theorem 5.1 1. For each 2 < p < n — 2, the p-curvature is constant if 
and only if (M, g) is with constant sectional curvature. 

2. For each 1 < p < n — 1, the Riemannian manifold (M,g) is Einstein 
if and only if the function P —> s p (P) — s n - p (P- L ) = A is constant. 
Furthermore, in such case we have A = "r^ ' c 2 R. 

3. For each 2 < p < n — 2 and p / ^, the function P — > s p (P) + 

= A is constant if and only if the manifold (M,g) is with 
constant sectional curvature. Furthermore, in such case we have A = 

2p(p-l)+(n-2p)(n-l) 2 p 
2n(n-l) C II 

4- Let n = 2p. Then the Riemannian manifold (M,g) is conformally 
flat with constant scalar curvature if and only if the function P — > 
s p (P) + s p (P _L ) = A is constant. Furthermore, in such case we have 
A = ~ri — ttC^R. 

4(n— 1) 

Proof. First we prove 1). Let s p = c then the sectional curvature of the 
tensor g n ~ 2 ~ p R € C™ p is constant. Therefore we have ^ n _l_ p y g n ~ 2 ~ p R = 

c ^_ p P y and so by proposition I2.HI we have (n — p)(n — p — 1)R = eg 2 . That 
is R is with constant sectional curvature. 

Next we prove 2). Suppose s p (P) — s ra _ p (P- L ) = c for all P, then 

-g n - 2 ~PR(*P, *P) - 1 g p - 2 R(P, P) = cfor all P 



(n-2-p)r K ' 0-2)!' 
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then using formula |15I we get 



2 



-iy g p- 2+r 1 



V 1 / , 7iC r R(P, P) - -g p - 2 R(P, P) = cfor all P 

The left hand side is the sectional curvature of a curvature tensor which 
satisfies the first Bianchi identity then 

qP~ 1 qP o 1 



(p-1)! 2(p!) p\ 
proposition 12.31 implies that 

—cR + —c 2 R = c-g 
2p p 

and therefore 

„ c 2 R - 2c 

cR = q 

2p y 

so that (M, g) is an Einstein manifold. Furthermore, after taking the trace 
we get c = ^c 2 R, 

Finally we prove 3) and 4). Suppose s p (P) + s n - p (P ± ) = c for all P, 
then as in part 2) we have, 

2-^ -R - -JZ -cR + -^—-c 2 R = c-gP 

0-2)! (p-iy. 2(p!) pi 



then using [231 we get 



5 , 9 2 „ 2d _ „ 1 „2 



2i? - — -2— ci? + — -c^fl = c- 

(p — 1) 2p(p — 1) p[p — 1) 

Which implies that 

n — 2p , (n — 2p)(n — l). 9 c 9 

2u 2 fgu! + 2 + ^ m V ^o = -g 2 

p — 1 p(p — lj p(p — 1) 

where R = uj2 + gu>i + g 2 u>o. Then if n ^ 2p then = = and therefore 
the sectional curvature of (M,g) is constant. In the case n = 2p, we have 

n-2 
l(n-l)' 



^2 = and c = 2u!op(p — 1) = jt^-^-c 2 R. So that (M,g) is conformally flat 



with constant scalar curvature. 
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5.2 The (p, q , )-curvatures 

The (p, g)-curvatures are the p-curvatures of the Gauss-Kronecker tensor R q 
(that is the product of the Riemann tensor R with itself k-times in the ring 
of curvature structures). Precisely, they are defined by 

Definition 5.1 The {p,q)-curvature, denoted S(Vg\, for 1 < q < ^ and 

< p < n — 2q, is the sectional curvature of the following (p,q)- curvature 
tensor 

R ^ - { n-2 q - P y. ' V**"*) (2D 

In other words, S(p,q)(-f) *s the sectional curvature of the tensor ( TO „ 2 g_ p )! g n ~ 2q ~ p R q 
at the orthogonal complement of P. 

These curvatures include many of the well known curvatures. 
Note that for q = 1, we have S( Pi i) = s p coincides with the p-curvature. 
In particular, S(q,i) is the half of the scalar curvature and S( n _2.i) is the 
sectional curvature of (M,g). 

For p = and 2q = n, S(o,a) = *R n ^ 2 is up to a constant the Killing-Lipshitz 
curvature. More generally, S( n _ 2gg )(P) is, up to a constant, the Killing- 
Lipshitz curvature of P ± . That is the (2p)-sectional curvatures defined by 
A. Thorpe in [7j. 

For p = 0, S( , g ) = * ( n \ q y, 9 n2q R 9 = lj q ^. c2q ^ q are scalar functions 
which generalize the usual scalar curvature. They are up to constants the 
integrands in the Weyl tube formula 

For p = 1, sn q \ are the curvatures of generalized Einstein tensors. Precisely, 
let us define the following: 

Definition 5.2 1. The 2q-scalar curvature function, or the 2q-H. Weyl 
curvature invariant, denoted h<i q , is the (0,q) -curvature. That is 

h 2q = s m = ^ c2QRQ 

2. The 2q- Einstein tensor, denoted T2 q , is defined to be the (1, q) -curvature 
tensor, that is 

(n — 2q — 1)1 
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By formula 1 161 we have 

1 1 1 

To — r 2q R q - r 2q ~ 1 Fi q — ho - r 2q ~ 1 ~R q 

2q ~(2q)\ CK (2g-l)! C _ (2q-l)\ 

For q = 1 we recover the usual Einstein tensor T 2 = \(?R — cR. Note that 
c 2q ~ 1 R q can be considered as a generalization of the Ricci curvature. In 
a forthcoming paper [5] we shall prove that the 2q-Einstein tensor is the 
gradiant of the total 2g-scalar curvature function seen as a functional on 
the space of all Riemannian metrics with volume 1. Which generalize the 
classical well known result about the scalar curvature. 
Finally note that in general S( Pj9 )(P) coincides also with the 2g-scalar cur- 
vature of P^~. 



5.3 Examples 

1) Let (M, g) be with constant sectional curvature A, then 



R = -g 2 and R q = —g 2q 
2 2 q 



And therefore 



i g n - 2q -PR q = X9 g»-P - X9 ( n -P) 1 9 P 



(n-2q-p)r 2 q (n-2q-p)r 2 q (n - 2q - p)\ p\ 

so that the (p, q) -curvature is also constant and equal to 2 g(n-2g-p)! • 
The converse will be discussed in the next section. 

2) Let (M, g) be a Riemannian product of two Riemannian manifolds {M\,gx, 
and (M^cfy). If we index by i the invariants of the metric g{ for i = 1,2, 
then 

i 

R = R l + R 2 and R q = {R ± + R 2 ) q = ^ Cf R\RV 
consequently, a straightforward calculation shows that 

c 2q R q q c 2q 

h2q= ^ = ^JW^ R2 ^ 

_< c 2 *R\c 2q - 2 *Ry 
^ * (2i)! (2q-2i)\ 

8=0 
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Where we used the convention ho = 1. 

3) Let (M,g) be a hypersurface of the Euclidean space. If B denotes the 
second fundamental form at a given point, then the Gauss equation shows 
that 

R = -B 2 and R q = —B 2q 
2 2i 

Consequently, if Ai < A2 < ... < A„ denote the eigenvalues of B, then the 

eigenvalues of R q are ^p-A^A^.-.A^ where i\ < ... < i 2q . Therefore all 

the tensors g p R g are diagonalizable and their eigenvalues have the following 

form 

g p R q (e 1 ...ep +2q ,e 1 ...e p+2q ) = P '^' ^ A^.-.A^ 

l<il<...<t2 q <p+2q 

where {e±, ...e n } is an orthonormal basis of eigenvectors of B. In particular 
we have 

h - - ( 2 ?) ! V" x \ 

h 2q ~ S(0,g) ~ 2^ A U"- A i2 9 

l<i 1 <...<i2 q <n 

So they are, up to a constant, the symmetric functions in the eigenvalues of 
B. 

and more generally, we have 

, _ (2q)\ ^ 

s (p,q)\ e n-p+lt ^n) — 2-^/ A H--- A i2 q 

l<ii<...<i2 q <n—p 

4) Let (M, g) be a conformally flat manifold. Then it is well known that at 
each point of M, the Riemann curvature tensor is determined by a symmetric 
bilinear form h, precisely we have R = g.h. Consequently, R q = g q h q . 

Let {ei,...e n } be an orthonormal basis of eigenvectors of h and Ai < 
A2 < ... < A ra denote the eigenvalues of h. 

Then it is not difficult to see that all the tensors g p R q are also diagonal- 
izable. The eigenvalues are given by 

g p R q {ei...e p+2q ,ei...e p+2q ) = (p + q)\q\ ^ hi-\ q 

l<il<...<i q <p+2q 

In particular the (p, q)-curvatures are determined by 

_ (n-q-p)\q\ ^ 
S(p,q){e n -p+i, —,e n ) — , _2 p -p)\ A u— A i« 

V y V)- i<i 1 <...<j 9 <ri-p 
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5.4 Properties 

The following theorem generalizes a similar induction formula j3] for the 
p-curvature: 



Theorem 5.2 For 1 < q < ^ and 1 < p < n — 2q we have 

n 

^2 s ( P ,q)( p > e k) = (n-2g-p + l)*(p_ li9 )(P) 

where P is an arbitrary tangent (p — 1) -plane and {e p , ...,e n } is any or- 
thonormal basis of P ± . 
In particular we have 

n 

J ^2T 2 g{ei,e i ) = {n- 2q)h 2q 

i=l 

Proof. Using El we have 

' -c * (g n - 2 «-r &) = -. i * gdT^B*) 



{n — 2q — p)\ (n — 2q — p)\ 

n-2q-p+l 

= {n _ 2 q-p+l)* { T -M- —- W) 

(n — 2q — p + 1)1 

to finish the proof just take the sectionnal curvatures of both sides. ■ 

The following proposition is the only exception in this paper where one needs 
the use of the second Bianchi identity, see [3] for the proof: 

Proposition 5.3 (Schur's theorem) Let p > 1 and q > 1. If at every 
point m £ M the (p,q)- curvature is constant (that is on the fiber at m), 
then it is constant. 

The following can be seen as the converse of a Thorpe's result [7j 

Proposition 5.4 If R s and R s+r are both with constant sectional curvature 
A and \i respectively, such that A ^ and s + 2r < n. Then PJ is also with 
constant sectional curvature and equal to x(s+r)l • 

Proof. Suppose 

R S = X^- and R s+r = ^- y 



s\ (s + r)! 
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then 



q s Js+r) 



si (s + r)! 

then since s + 2r < n, proposition 12.31 shows that 

A or 9 r 



S \ R -^( a + r )! 

This completes the proof. ■ 
Like the case of R s , it is not true in general that if h,2 S is constant then the 

higher scalar curvatures are constant, nevertheless we have the following 
result 

Proposition 5.5 If for some s the tensor R s is with constant sectionnal 
curvature A then we have for all r > o 

(n-2r)\ 
k2s+2r ~ (2s)\{n-2s-2r)\ Xk2r 

In particular, if n is even the Gauss-Bonnet integrand is determined by 

h n = Xh n -2s 



2s 

Proof. Suppose R s = A^yy then 



i, , ( „n— 2s— 2r j}S+r\ 

h2s+2r -(n-2s-2r)!* i9 R } 

1 a 2s 
— * ( n n-2s-2r \^ nr\ 

- (n _ 2s -2r)! * {9 X j2s)\ R > 



(2s)!(n - 2s - 2r)\ K ' (2s)!(n - 2s - 2r)\ 



Theorem 5.6 1. For every (p,q) such that 2q < p < n — 2q, the (p,q)- 
curvature = A is constant if and only if the sectional curvature 

of R q is constant and equal to ^ 2g ^-p^! 2q ^' . 

2. For every (p,q) such that p < 2q, the (p,q) -curvature S(p )9 ) = c is 
constant if and only if c 2q ~ p {R q ) is proportional to the metric. That 
is c 2q -P(R q ) = const. gP. 
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Proof. Recall that S( Pig ) = A if and only if 



n-2q-p n-p 

1 -R q = X- 



(n — 2q — p)\ (n — p)\ 

that is 

g n-2 g -p, ^ _ A 9 2<1 



{n — 2q—p)\ (n — p)\ 
now, Let 2q < p < n — 2q, then by proposition 12.31 this is equivalent to 

b? = A (w r 2g ~, p)! ^ 

[n — p)\ 

Next, if p < 2q, then by remark 2.1 in section 2, our condition is equivalent 
to 

C ^-P( th _ X—i. — = 

(n — 2q — p)\ (n — py/ 

that is 

c 2q - p {R q ) = const.gP 

which completes the proof of the theorem. ■ 

The following lemma provides a characterization of the previous condition on 
R q and generalizes a similar result in the case of Ricci curvature (p = q = 1). 



Lemma 5.7 For p < 2q, the tensor c 2q ~ p (R q ) is proportional to the metric 
g p if and only if 

LVi = fori < i < minjj?, n — p} 
where R q = Y^Lz^'^i- 
Proof. Formula 1121 shows that 

2 <? / 2 1-P \ n i-2q+p 

and therefore c 2q ~ p (R q ) = Xg p if and only if 

p M-v \ p -s 

E(2q-s)l(U(n-2 q -s + j))J^u s = \g'> 
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where we changed the index to s = 2q — i. consequently, 

try \| 2g-p 

g p ~ s uj s = for 1 < s < p, and A = ^f- ( (n - 2q + j))^o 

P ' i=l 

By proposition 12.31 this is equivalent to uj s = for 1 < s < n — p and s < p. 
Note that g p ~ s uj s = if s > n — p. This completes the proof of lemma. ■ 

Theorem 5.8 1. Let 2q < r < n - 2q, n / 2r and R q = Ynio 9 2q ^^i, 
then 

(a) The function P — > s^ r ^{P) — sr n _ r>q .(P' L ) = A is constant if and 
only ifuJi = 0forl<i<2q-l and ( ^7,q-r)\ ~ (r-2q)l ) u ° = A ' 

(b) The function P — > S( r ^(P) + s^ n _ r ^(P- L ) = A is constant if and 

only if Ui = for 1 < i < 2q and ( (J^q-ry. + (r-2q)\ ) u = A. 
That is R q is with constant sectional curvature. 

2. Let 2q < r < n — 2q and n = 2r, then 

(a) The function P — > S( r ^(P) — sr r)q -s(P ) = A is constant if and 
only if uJi = for i odd such that 1 < i < 2q — 1 and A = 

(b) The function P — > S( r ^(P) + s^g^P- 1 ) = A is constant if and 
only if uji = for i even and 2 < i <2q and 2 nr^y^ O = A. 

Proof. Let k, I > be such that k+p = n — l—p and uj = Yji=o 9 v ~ %u) i £ C p , 
then 



¥ " " * ( 7! " } = k\ U " ^ /!(n-p-/-,)! 5 



1 VTi _ ^ (p-i + Q!(w-2p-f)! 1 n-p-i-i, , 

'n-m^i 1 ^ ^ l\( n - n -l-i\\ J 9 ^ 



(n — 2p — 1)1 r^ 1 l\(n — p — I — i) 



therefore, 

if and only if 

p 



(p -i + ()!(„ -2p-()! M 



. l\(n — p — I — i)\ 



25 



(p + 0!( w -2p-Ql ( n -2p -/)! .„ 

+ N Z!(n _ p _ , ^- A (n _/_ p)! ^ p -° 

For 1 < i < p, let 

«i = 1 - TuZ Z i TTt = 1 ~ 



l\(n-p-l-i)\ v ' l\ (s + k)\ 

where s = p — i < p — 1. It is clear that «2j+i > and it is not difficult 
to check that on ^ for i even, 1 < i < p — 1 and k ^ I. Also note that 
a p = I — (— l) p = since p is even. 

Therefore in the case where k ^ I, the condition [22 is equivalent to 

Wi = for 1 < * < p - land A = & ~ P ~ ^ - ^±^}u, 

(n — 2p — / J! Z! 

In the case k = I, we have a, = 1 — (—1)' the condition |22] is therefore 
equivalent to 

Ui = for z odd, 1 < i < p and A = 
In a similar way, we have 

lr- + 4^ = A (fcoT (23) 

if and only if 



t=i 



Z!(n — p — Z — i)! 
, r . , (p + Q!(n-2p-/)! ( n _2p-/)! 1 ^_ i _ 

+ |_ w H rrr r-j CJ - A- 



Z!(n — p — /)! (n — l—p)\ 

In the case 7^ Z this is equivalent to 

Wi = for 1 < < < p and A = { + H 

(re — 2p — /)! Z! 

And in case k = I, we have = 1 + (— l) 1 and then condition [221 is then 
equivalent to 

(p + 1)1 

Ui = for j even, 1 < i < p and A = 2 — - — luq 
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To complete the proof of the theorem just notice that, for 2q < r < n — 2q, 
the condition S( r)9 ) ± S( n _ r g ) = A is equivalent to 

n-2q-r n r ~ 2 1 n r 

*(— - -R q ) ± -,R q = X^-r 

y (n-2q-r)\ ' (r-2q)\ rl 

and then apply the previous result after taking I = n — 2q — r and k = r — 2q 
and p = 2q. m 

Remark. If r < 2q, then S( n _ r (J ) = 0. So that our condition becomes 
S( ri? ) = A is constant, and such case was discussed above. 

6 Generalized Avez type formula 

The following theorem generalizes a result due to Avez pQ in the case when 
n = 4 and to = 6 = R. 



Theorem 6.1 Let n = 2p and uj,9 G C p , th 



en 



p (—-\Y+p 
*(uj0) = . L < c r u, c r > 



(r!) 2 

r=0 v ' 



In particular if n = Aq, then the Gauss-Bonnet integrand is determined by 



r=0 

Proof. Let 9 £ C p and to € C" _p , then using formula El and corollary 14.21 we 
get 

p (—-\Y+p 

*M) =< co, *e >= i nr 9 i v < w ' 9 n - 2p+r c r o > 

r=max{0,2p-n} v /v 7 

To complete the proof just take n = 2p and use theorem 13.11 ■ 
The following corollary is an alternative way to write the previous formula. 



Corollary 6.2 Let n = 2p and u, 6 € C p , then 



p f-iy+p 

r=0 V '' 
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Proof. It is a direct consequence of the previous formula and corollary \2.2k 
The following result is of the same type as the previous one 

Theorem 6.3 With respect to the decomposition^^ let lj = Y27=o 9 n ~ piuJ i £ 
C"" p and 9 = J2 P i= o9 P ~ i0 i G C i > then 

min{p,n— p} 

*(co9) = ]T (-lY(n-2r)l<u Jl ,8 l > 

r=0 

Proof. By formula^] we have 

min{p,n-p} ^ _ 

*(u>9) =< u, *9 >= y \ ) [P 1 • < u, g n - p -% > 

(n — p — in 

and therefore using lemma WM below, we get 

mm{p,n-p} { 

*M) = E 7 ■ ' < 9 n -*-*Ui, 9 n ~ p -%. > 

~^ (n-p-t)! 

After considering separately the cases p < n — p,p = n — p and p > n — p 
and the lemma below one can complete the proof easily. ■ 

Lemma 6.4 Let u% £ E\,uj 2 £ E\ be effectives then 

< g p ui,g q u 2 >= if (p / g) or (p = g and r ^ s) 

Furthermore, in the case p = g > 1 and r = s, we have 

p-i 

<g p uji,g p uj 2 >= p\(Y[(n - 2r - i)) <u)i,u 2 > 

i=0 

Proof. Recall that (see formula HT]) c p (g q u>2) = if p > g, and c q (g p toi) = 
if p < g. This proves the first part of the lemma. Also by the same formula 
and formula we have 

p-i 

<g p uj l ,g p uj 2 >=<coi,c p (g p u 2 ) >=< wi,p!( JJ(n - 2r - > 

i=0 
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Corollary 6.5 Let q = s + t then 

min{2s,n— 2s} 

h 2q = -. \ r. £ (-l) i ("-2i)!<( J R s ) i ,( J R') J > 
(ra-2g)! ^ 

In particular, we have 

min{2g,n— 2q} 

h ** = r^rTT\ E (-lY(n-2 i )K(R«) u (R0) i > 
^ n i=o 

Proof. Note that 

where k + l = n — 2q and s + 1 = q. Then we apply the previous theorem to 
get 

min{fc+2s,Z+2t} 

Recall that (g k R s )i = Rf if i < 2s otherwise it is zero. The same is true for 
{g l R l )i. This completes the proof. ■ 
The special case q = 1 is of special interest. It provides an obstruction to 

the existence of an Einstein metric or a conformally flat metric with zero 
scalar curvature in arbitrary higher dimensions, as follows: 



Theorem 6.6 1. If (M,g) is an Einstein manifold with dimension n > 
4, then /14 > and hi = if and only if (M, g) is flat. 

2. If (M, g) is a conformally flat manifold with zero scalar curvature and 
dimension n > 4, then /14 < and /14 = if and only if (M, g) is flat. 

Proof. Straightforward using the previous corollary and theorem 15. 11 
The previous theorem can be generalized as follows. Its proof is also a direct 

consequence of the previous corollary and theorem 15.81 

Theorem 6.7 Let (M, g) be a Riemannian manifold with dimension n = 
2r > 4q, for some q > 1. 
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!• If s (r,q){P) = s (r,q)(P ) f or a ^ r-planes P then h^ q > and h± q = if 
and only if {M, g) is flat. 

2. If S( r>g )(P) = —sr r>q \(P ) for all r-planes P then h^ q < and h^ q = 
if and only if (M, g) is flat. 

The previous two theorems generalize similar results of Thorpe [7] in the 
case n = 4g. 
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